In this paper we give a variation of the gauge procedure which employs a scalar gauge field, B(x), in addition to the usual vector gauge field, A µ (x). We study this variant of the usual gauge procedure in the context of a complex scalar, matter field φ(x) with a U (1) symmetry. We will focus most on the case when φ develops a vacuum expectation value via spontaneous symmetry breaking. We find that under these conditions the scalar gauge field mixes with the Goldstone boson that arises from the breaking of a global symmetry. Some other interesting features of this scalar gauge model are: (i) The new gauge procedure gives rise to terms which violate C and CP symmetries. This may have have applications in cosmology or for CP violation in particle physics; (ii) the existence of mass terms in the Lagrangian which respect the new extended gauge symmetry. Thus one can have gauge field mass terms even in the absence of the usual Higgs mechanism; (iii) the emergence of a sine-Gordon potential for the scalar gauge field; (iv) a natural, axion-like suppression of the interaction strength of the scalar gauge boson. * Electronic address: guendel@bgu.ac.il † Electronic address: dougs@csufresno.edu
I. INTRODUCTION
In this work we give an extension of the usual idea of gauging (i.e. making local) a symmetry. We lay out the basic structure of the model without having some specific application in mind. The justification for looking into variations of the standard gauge process, without having a specific application in mind, is the centrality of the standard gauge procedure to all of modern physics. We will show that when spontaneous symmetry breaking occurs the theory exhibits a physical particle/field which is a mixture of the scalar gauge field and the Goldstone boson. In laying out the general frame work of this model we will mention some interesting features of this variant of the gauge procedure: (i) It gives a novel mechanism for C and CP violation; (ii) it has mass generation for the vector gauge boson without having to use the standard Higgs mechanism; (iii) one can naturally obtain a sine-Gordon equation of motion for the scalar field with its associated soliton/kink solutions; (iv) the interaction of the scalar gauge boson/Goldstone boson can be made weak via a natural, axion-like mechanism. We discuss the physical reality of this new scalar gauge bosonswhether it is a physically observable field or if it is some auxiliary, non-dynamical field. We show that this scalar gauge field is closely related to the Goldstone boson and in the case when spontaneous symmetry break occurs that the one finds a physical particle which is a mixture of the Goldstone boson and the scalar gauge field.
We begin by recalling the usual gauge procedure which starts with a scalar, matter field, φ, or spinor field, Ψ, which has some global phase symmetry. Then by making this global phase symmetry a local symmetry one finds that one needs to introduce a vector gauge field, A µ . Although our alternative gauge procedure works for spinor fields and for non-Abelian gauge symmetries, for simplicity we will consider a complex scalar field, φ, with a U(1) symmetry which has the Lagrange density
where V (φ) is some scalar self interaction potential. A typical example is to have a Higgs, symmetry breaking potential of the form V (φ) = −m 2 |φ| 2 + λ|φ| 4 where |φ| 2 = φ * φ. Now the Lagrangian density in (1) has the global gauge symmetry φ → e ieΛ φ where e is the electric charge of the scalar field and Λ is a global phase parameter. If one lets the phase parameter become space-time dependent (i.e. Λ → Λ(x µ )) one can still maintain this new local phase symmetry by introducing a four-vector gauge field A µ . First one replaces the ordinary derivative by covariant derivatives, D µ , of the form
along with the requirement that, in addition to the phase transformation of φ (i.e. φ → e ieΛ(xµ) φ), the four-vector A µ transform like
* are invariant under these two transformations which together form the U(1) gauge transformation. Additionally one can add a term to (1) which involves only A µ and is invariant under the gauge transformation. The Maxwell field strength tensor is such a quantity
One can see that F µν is invariant under A µ → A µ − ∂ µ Λ. Putting all of the above together leads to the following Lagrangian
with D µ and F µν defined above. This Lagrangian represents a complex, charged scalar field φ coupled to a vector gauge boson, A µ . It respects the local gauge transformation
II. SCALAR GAUGE FIELD
Starting with the same complex scalar field from (1) we now gauge the phase symmetry of φ by introducing a real, scalar B(x µ ) and two types of covariant derivatives as
The gauge transformation of the complex scalar, vector gauge field and scalar gauge field have the following gauge transformation
It is easy to see that terms like D 
to the Lagrangian which is invariant with respect to the gauge field part only of the gauge transformation in (5) . This gauge invariant term will lead to both mass-like terms for the vector gauge field and kinetic energy-like terms for the scalar gauge field. In total a general Lagrangian which respects the new gauge transformation and is a generalization of the usual gauge Lagrangian of (3), has the form
where c i 's are constants that should be fixed to get a physically acceptable Lagrangian.
The arbitrariness of this Lagrangian through the (at this point) undetermined c i 's is inelegant, but at the beginning we want to write down the most general Lagrangian which was consistent with the gauge transformation in (5) . Later in section (V) we will show that it is possible to add non-derivative , polynomial interaction terms for the B field. As we progress through the paper we will try to give restrictions on the c i 's which will reduce this
arbitrariness. An interesting point to remark upon is that the last term in (6) will have a term of the form A µ A µ which is a mass term for the vector gauge field. This term (contrary to the usual gauge transformation given in the introduction) does not violate the expanded gauge symmetry of (5) . Also the last term in (6) has a term of the form ∂ µ B∂ µ B which is the usual kinetic energy term for a scalar field. Thus the gauge field B appears to be a dynamical field, at least at first glance. We will discuss to what degree B is a physical field later. The mass term for A µ and a kinetic energy term for B still respect the gauge transformation in (5) .
Notice that although the local gauge symmetry is U(1), the global symmetry is U(1) × U(1), since the Lagrangian (6) is invariant under the global transformations φ → e iα φ and B → B + β, with α, β being different, independent constants. We will see further evidence of this global symmetry below when we find a conserved current arising from the equations of motion of the B field. In the usual spontaneous symmetry breaking process applied to a U(1) global symmetry which is made local, the Goldstone boson of the original global U(1) symmetry completely disappears -it is "eaten by the massless gauge boson which then becomes massive. In the present case we will find that there is some remnant of the [3] gauge invariant mass terms were considered without any restriction on the gauge parameter Λ, and with the possibility of coupling to a current which was the gradient of a scalar field. The paper [3] also studied the canonical formalism i.e. constraint structure. In the work [4] the idea of gauging the dual symmetry of E&M [5] was examined. It was found that one could gauge the dual symmetry by introducing a scalar gauge field (see also [6] for an alternative view of gauging the dual symmetry of E&M). Reference [7] gives a variant of the Standard Model using vector and scalar gauge fields. In the work [8] a modification of the usual gauge procedure was proposed which allowed gauge fields of various ranks -scalar (rank 0), vector (rank 1), and higher tensors (rank 2 and higher). In [9] scalar gauge fields were used to couple electromagnetism to a "global charge" carried by a complex scalar field with only global phase invariance.
Although the complex scalar fields considered in [9] only had a global phase symmetry the gauge fields still had the full local gauge invariance. The use of scalar gauge fields also allows for the introduction of dynamical coupling constants in a self consistent fashion [10] .
Finally, scalar fields represented by a unitary matrix were used by Cornwall to formulate massive gauge theories in a gauge invariant fashion [11] .
We now fix, as far as possible, the character of the c i 's in (6) . First c 1 , c 2 and c 5 must be One could accomplish this as well by rescaling φ, but here we chose to accomplish this by placing conditions on the c i 's. Taking into account these conditions (and in particular writing out c 3 and c 4 in terms of their real and imaginary parts c 3 = a + ib and c 4 = a − ib)
the Lagrangian in (6) becomes
+ e 2 φφ
There are several interesting features of the Lagrangian in (7). First, the vector gauge field,
A µ , has a mass term (i.e. c 5 A µ A µ ) which is allowed by the extended gauge symmetry (5).
Thus in addition to the vector gauge field developing a mass through the term e 2 c 1 φφ
φ develops a vacuum expectation value (i.e. if φφ * = ρ 2 0 with ρ 0 a constant), there is now an additional potential mass term for the vector gauge field, even in the absence of spontaneous symmetry breaking via φ. Second, the scalar gauge field appears to be a dynamical field through the presence of two possible kinetic energy terms. The term c 5 ∂ µ B∂ µ B is the standard kinetic energy term for a scalar field, especially if one chooses c 5 = 1/2. Also, the term c 2 e 2 φφ * ∂ µ B∂ µ B takes the form of a kinetic energy term if φ develops a vacuum expectation value. Third, the term −eb∂ µ (φ * φ)(A µ − ∂ µ B) will lead to C and CP violation.
This point will be discussed further in section (IV). Fourth, unlike standard scalar QED, the strength of the seagull interaction of the vector gauge field with the charged scalar matter field (i.e. the term c 1 e 2 φφ * A µ A µ ) is independent of the strength of the one gauge particle emission/absorption interaction terms (i.e. the term i(c 1 + a)e[φ∂ µ φ * − φ * ∂ µ φ]A µ with the independence coming from the presence of the constant a which is not present in the seagull term).
We now write down the Euler-Lagrange equations of motion for A µ , B and φ in turn and discuss some of the interesting features from this scalar gauge procedure. The EulerLagrange equation for A µ following from (7) is
The equation of motion for B following from (7) is
Note that in (9) the term 2c 5 ∂ ν ∂ ν B = 2c 5 B looks like a standard Klein Gordon type contribution for a real scalar field. Thus it appears that in this gauge principle one generates not only a vector gauge field but also a real scalar field which are both fields arising from the gauging procedure/principle. Notice that in (9) the phase of the complex scalar field
If we assume spontaneous symmetry breaking (SSB) (i.e. the complex scalar field develops a vacuum expectation value like φ * φ = ρ 2 0 ) and if we choose to work in unitary gauge, such terms disappear. Also in the case of SSB where at low energies φ * φ ≈ φ * φ = ρ 2 0 (i.e. φ * φ is approximately constant), we see that the gauge field B is a physical field due to the way it appears in the physical unitary gauge.
We will discuss this point further below in section (III).
Notice that equations (8) and (9) lead to two independent conservation laws of the form
Taking the divergence of (8), we get the conserved current j
Equation (9) is already in the form of a conservation law of another current, the current j µ B
given by,
The conserved current (11) 
The equation of motion for φ * is the complex conjugate of (12).
III. PARTICLE CONTENT AND THE GENERALIZED UNITARY GAUGE
We devote this section to the discussion of the physical reality of the newly introduced scalar gauge field B(x) and to discuss the particle content of the theory when we have spontaneous symmetry breaking i.e. when the scalar field φ develops a vacuum expectation value due to the form of the potential V (φ) in (6) (7). At first glance one might conclude that
is not a physical field -it appears that one could "gauge" it away by taking Λ = B(x) in (5). However one must be careful since this would imply that the gauge transformation of the field φ would be of the form φ → e ieB φ i.e. the phase factor would be fixed by the gauge transformation of B(x). In this situation one would no longer to able to use the usual unitary gauge transformation to eliminate the Goldstone boson in the case when one has spontaneous symmetry breaking.
The unitary gauge is the standard procedure to find the particle content of a spontaneously broken theory. Let us recall how the unitary gauge works: One writes the complex scalar field as an amplitude and phase -φ(x) = ρ(x)e iθ(x) . The two fields ρ(x) and θ(x) represent the initial fields of the system. If φ(x) develops a VEV due to the form of the potential, V (φ), then one can transform to the unitary gauge φ → e ieΛ(x) φ(x) with Λ = −θ(x)/e. In this way one removes the field θ(x) (which is "eaten" by the gauge boson) and is left with only the ρ(x) field. With the introduction of the scalar gauge field, B(x), one no longer can gauge away both θ(x) and B(x), and in the end one is left with some real, physical field which is some combination of the original B(x) and θ(x). Thus some hint of the Goldstone boson survives in our extended gauge process as a physical field. This is supported by the fact that although the local symmetry of (6) is U(1) the original global symmetry is U(1) × U(1).
The evidence of this additional U(1) can be seen in the conserved current coming from the equation of motion of B given in (11) . The SSB of this U(1) × U(1) symmetry leads two Goldstone boson -one which is "eaten" by the vector gauge boson thus giving the vector gauge boson a mass, and the other one remains (at least initially) as a Goldstone boson.
Let us now define exactly what will be the generalization of the unitary gauge appropriate to the situation here. In the presence of spontaneous symmetry breaking and where the field φ develops a VEV the unitary gauge eliminates cross terms like A µ ∂ µ θ from the Lagrangian (see for example [12] ). In the present case the cross terms between the vector field A µ and the scalars (in our case B and θ) are more involved. Explicitly the relevant cross terms that we wish to eliminate by a generalized unitary gauge are
It is obvious why the first and third terms in the above equation are denoted as cross terms since they have the form A µ ∂ µ B. To see why the second term above is considered a cross term between A µ and θ in the presence of SSB (i.e. the scalar field develops a VEV φφ
where ρ 0 is a constant) we begin by approximating the scalar field as φ(x) ≈ ρ 0 e iθ(x) . With this the scalar current becomes [φ∂ µ φ
We have used the assumption that the amplitude of the scalar field is approximately constant -ρ(x) ≈ ρ 0 . Putting all this together show that the second term in (13) is a cross term between A µ and θ of the form
It is this more complex cross term that we want to eliminate via some generalized unitary 
What (15) shows is that θ and B are not independent fields -one is fixed in terms of the other. There is therefore only one physical scalar field in this generalized unitary gauge which one can call either θ or B. The above is different from the normal gauge procedure in the presence of symmetry breaking where the θ(x) field completely disappears. Here there is some left over hint of the Goldstone boson which we may call B(x) (as we do here) or θ(x). At this stage the mixed θ/B field is massless and thus could be thought of as a true, massless Goldstone boson. However in section (V) we will show that it is possible to add to the Lagrangian from (7), non-derivative potential terms for the B field. These terms will include a mass term and power law interaction terms.
After replacing θ in terms of B, from (7) one sees that when φ develops an expectation value, the kinetic term for B takes the form as defined above we have a remaining scalar gauge field which we can denote either as θ or B and which is massless. Neither θ nor B has a mass term if one looks at the Lagrangian (7) after the imposition of the generalized unitary gauge. Thus one can say that in this extended gauge procedure there is a remaining Goldstone boson like particle. Below, in section (V) we will show that one can add non-derivative, potential terms to the Lagrangian in (7) which give mass and non-derivative self interaction terms to the B field so that the B field can be viewed as a massive remnant of the usual Goldstone boson.
The above discussion has been carried out under the assumption that the scalar field, φ, undergoes SSB and develops a non-zero VEV, ρ 0 = 0. One can ask what happens when there is no SSB and ρ 0 = 0? In this case one can see that (14) reduces to just
There is now no connection between B and θ such as that given in (15) . It thus appears that in order to make the cross term vanish one simply needs to use the gauge transformation B → B − Λ with Λ(x) = B(x) to transform B(x) away. This leads to an apparent puzzle in regard to the counting of degrees of freedom between the case without SSB and the case with SSB. In the case with SSB there are five dergees of freedom: three degrees of freedom from the massive vector field A µ (x), one degree of freedom from ρ(x) and one degree of freedom from the mixture of θ(x)/B(x). In the case without SSB where ρ 0 = 0 it at first appears that one has only four degrees of freedom: two degrees of freedom from the apparently massless vector field, A µ (x), and two degrees of freedom from the complex scalar field, φ(x) which we have denoted ρ(x) and θ(x). We have used the gauge freedom to gauge away the B(x).
However in this case without SSB one has already used the gauge symmetry to gauge away B(x) and thus one can no longer use this to reduce the degrees of freedom for the A µ (x) down to two. Note also that in (6) or (7) there are terms like c 5 A µ A µ which are allowed by the extended gauge procedure and such terms do represent mass terms for A µ .
IV. BREAKING OF C AND CP SYMMETRIES
In this section we study the violation of C and CP that occurs in the scalar gauge field model with the Lagrangian given in (6) . Under C symmetry the scalar field, φ, is replaced by its complex conjugate, and both vector and scalar gauge fields change sign,
As we have seen c 3 and c 4 must be complex conjugates (i.e. c 3 = c * 4 ). However if they are complex (i.e. c 3 = a + ib , c * 4 = a − ib) then the charge conjugation symmetry of (18) is broken in the Lagrangian (6) and in the equations of motion by b the imaginary part of c 3 and c 4 . For example one can see that under the charge conjugation symmetry the part of the current proportional to b appearing in (7) namely
transforms differently under charge conjugation in (18) than the other pieces. As a consequence the currents by a particle and its associated antiparticle will not be exactly opposite to each other if the gradient term, ∂ µ (φ * φ), is non-vanishing i.e. for space time dependent
Turning to the transformation of the fields, φ, B, A µ , under parity (i.e. t → t and
x → −x) we see that the fields φ and B transform as scalars under parity and A µ transforms as a normal vector under parity. Mathematically this amounts to (i = 1, 2, 3)
Thus the action following from the Lagrangian in (6) respects parity. Combining this result with the violation of charge conjugation symmetry coming from the term (19) one finds that the Lagrangian violates CP as well as C.
V. NON-DERIVATIVE INTERACTIONS FOR THE B FIELD
In this section we show that it is possible to add B-dependent terms to the scalar field potential V (φ). The simplest example of such an addition leads to the sine-Gordon field equation for B in the unitary gauge. This implies that the B field has soliton/kink like solutions. We also show that in the case when φ undergoes symmetry breaking and develops a vacuum expectation value (VEV) that the interaction strength of the B field is suppressed by this VEV. Thus for a large VEV one has a natural explanation for why the B field should be weakly interacting.
The Lagrangian in (6) has a polynomial self interaction potential, V (φ), with terms of the form m 2 φ * φ and λ(φ * φ) 2 , but the interactions of B in (6) involve only ∂ µ B. One can introduce non-derivative interaction terms for B by noting that terms like e ineB (φ) n and e −ineB (φ * ) n are invariant under the gauge transformation of φ and B given in (5) . If one wants to restrict attention to renormalizable theories, then one might limt such terms to be no more than quartic in φ or φ * . It is not clear that such a theory would be renormalizable since the scalar gauge field B appears in an exponential and thus involves all power of B, but by having n ≤ 4 means that at least in regard to simple power count of the field φ the theory is renormalizable. In any case taking n ≤ 4 one can write down the following general interacting potential for φ and B
If the λ i 's, have an imaginary part, then those terms will violate charge conjugation symmetry. Note also that one could generalize (21) further by terms of the form e ieB (φ) 2 (φ * ) or
We now specialize (21) to terms that are only linear in φ or φ * by taking λ i = 0 for i ≥ 2 so that we have
We write the scalar field in the polar form φ(x) = ρ(x)e iθ(x) φ and take the gauge to be that defined by (15) so that θ(x) is given in terms of B. Finally, we re-express everything in terms of the canonically normalized fieldB, which is defined via θ + eB = KB. With these choices the potential in (21) becomes
where
The first two terms in (23) are the standard scalar symmetry breaking potential which give rise to a vacuum expectation value of |φ| ≈ ρ 0 = m 2 /2λ. Now if we assume that the last two terms involving B do not shift the value of this vacuum expectation value to any great degree, and writing λ 1 = α 1 e iω 1 we see that near the vacuum value φ ≈ m 2 /2λ the potential in (23) becomes
This is of the form of the sine-Gordon equation, which has the interesting feature of having topological kink/soliton solutions [14] . If we expand the term 2α 1 ρ 0 cos(KB + ω 1 ) in (25) inB we find terms proportional toB 2 ,B 4B2n ... These represent a mass term, quartic self interaction term and higher polynomial interaction terms. Thus the fieldB or B (or more precisely the mixture of B(x) and θ(x) are not true Goldstone bosons since by adding potential terms like (23) or (25) one can give mass terms to these fields, where in contrast a true Goldstone boson is massless.
We next turn to the question of the interaction strength of B. From looking at the covariant derivative D B µ from (4) one would think that the coupling strength should be determined by e. However with symmetry breaking, where the scalar field develops the VEV, |φ| ≈ ρ 0 = m 2 /2λ, this expectation is changed. The relevant field to consider is not B, but the canonically normalized fieldB. The strength of the interaction ofB with the scalar φ is not e (as is the case with B(x)) but rather e/f B . If f B is big (as is the case if the VEV, ρ 0 , and/or c 2 , c 5 are large) the coupling of the B particles will be reduced. This is reminiscent of a similar mechanism occurring the axion [15] .
VI. DISCUSSION AND CONCLUSIONS
In this article we have presented a gauging procedure using a scalar gauge field as well as the more standard vector gauge field -our gauge fields were B(x) and A µ (x). In this paper the symmetry we gauged was the Abelian U(1) symmetry of a scalar matter field φ(x). However the gauging process presented here can be extended to the case where one starts with a spinor field, Ψ(x), rather than a scalar matter field, φ(x). It is also possible to extend the gauge procedure presented here to the case of non-Abelian symmetries. In the case of non-Abelian symmetries one that the procedure presented here has some close similarities to the work of Cornwall in [11] . We will return to this point of a non-Abelian version of the present gauge procedure in a future paper.
In this paper we have focused mainly of simply laying out our alternative gauge procedure with both scalar and vector gauge fields, without stressing too much any physical applications. However, there are hints of interesting possible physical applications for this gauge procedure and the scalar gauge field, B(x). First we mention the natural emergence of C and CP violation in this model arising from the terms in the Lagrangian (7) of the form
. Such a new source of CP violation could be applied to baryon-genesis in the early Universe. Further, in the model presented here the CP violation can be correlated to the time dependence of a scalar field, which fits very much the modern approaches to cosmology of the early universe, in particular the Higgs inflation scenarios [13] . Second, one can get interesting but non-standard coupling between the matter fields (φ(x) in this paper) and the gauge fields (B(x) and A µ (x)). For example by selecting the constants in the Lagrangian (7) such that c 1 = c 2 = −a one can get rid of the conventional current terms ([φ∂ µ φ * − φ * ∂ µ φ]) and is left with a current of the form ∂ µ [φ * φ] which represents the "maximal C and CP violating case". Also for different choices for the various constants c 1 , c 2 , a, b, c 5 there are terms, such that the strength of the seagull interaction of the vector gauge field with the charged scalar matter field, which are of independent to the strength of the one gauge particle emission/absorption interaction terms. Third, one can introduce non-derivative couplings of the scalar gauge field B(x) using the gauge invariance of e ieB φ to arrive at potentials of the form given in (21). By assuming a a symmetry breaking potential for the scalar field, φ(x), it is possible to get a sine-Gordon like equation (25) for the scalar gauge field B(x) if φ(x) remains close to its vacuum expectation value φ ≈ m 2 /2λ.
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